This paper examined the size difference of avalanches among industrial sectors triggered by demand by using the production-inventory model and the observed data. Also, we investigated how each industrial sector can be affected in terms of network topology by using the control theory. We 
Introduction
Fiscal policy is a mean for the government to affect the economy, which includes purchasing goods and services, giving grants to firms, and tuning the taxes. The government has considered the fiscal policy as an important determinant of growth [1] . Therefore, a lot of studies have been conducted to find the rationale and to analyze how the fiscal policy affects the growth of the economy after a pioneering work of Easterly and Rebelo [1] . (For a survey, see [2] .) Although the studies found a number of positive aspects, they have relied on the macro economic approaches, which build models based on supposed relationships between variables. However, the macro economic approaches are not suitable to deal with the structural complexity of the economy and, in particular, to explain the relationships between fiscal policy and its diversity of impact. Large impact, namely, aggregate fluctuation, is sometimes devastating for the economy.
Therefore, we can simply think of using the micro economic approaches aiming to build a model with tangible objects, such as agents, goods, and their interactions. However, the micro economic approaches have not been done for the study of the fiscal policy because they seemed difficult to be applied. To be more precise, the micro model would be too complex to incorporate objects the fiscal policy affects and the absence of data to validate the model.
We can tackle the former issue by introducing the approach of network science which has been developed in a few decades [3, 4] . The approach enables us to abstract the complex interactions of the agents, yet to obtain the comprehensive outcome. Introducing network science into economic issues can be categorized to econophysics [5, 6] because network science is originally from physics.
Along the lines of this academic development, a couple of seminal studies have been published in the economics. Gabaix criticized previous studies since they attributed aggregate fluctuations to business cycles and claimed that individual firm shocks average out. He showed that if the firm size distribution is fat-tailed, their claim breaks down [7] . Subsequently, Acemoglu et al. pointed out that microeconomic idiosyncratic shocks may lead to aggregate fluctuations in the presence of intersectoral input-output linkages [8] . These study tell us that shocks and aftershocks given by fiscal policies are elusive as long as we use the macro economic approaches and the micro economic approaches with network perspective are prospective.
In the past, the absence of micro and comprehensive data discourage the micro economic approach to the fiscal policy. However, the situation has been mitigated because of the capacity to collect and analyze massive amounts of data. The recent surge of data has opened up new possibility to validate large and complex systems and their models. Especially, computational social science [9] is suggested to indicate such a field of the study. This paper reveals how demand shocks given by outside that includes the fiscal policy cause aggregate fluctuations among firms by using micro models and observed data. The remainder of this paper is organized as follows. In the next section, we introduce the dataset. Section 3 describes our methodologies which we utilize in analyses. Section 4 presents results we obtain. Finally, Section 5 concludes the paper.
Data
We use a dataset that was collected by Tokyo Shoko Research (TSR), one of the major corporate research companies in Japan. The TSR data contains a wide range of firm information. As necessary information for our study, we use ID, capital, industry type, up to 24 suppliers information, and up to 24 clients. We construct an entire network of firms based on the data, especially, suppliers and clients. One may think 24 suppliers and 24 clients limit the number of links for each node. However, a node can be suppliers of other nodes without limitation as long as those clients designate the node as a supplier, and vice versa. Therefore, the numbers of suppliers or clients are not limited at 24.
We especially use the dataset collected in 2012. The number of firms, i.e. nodes, is 1,109,549. The number of supplier-client ties, i.e. links, in 2012 is 5,106,081. It is obvious that this network has direction and the direction is important in our study.
We split firms into industrial sectors. The industries are classified by the Japan Standard Industrial Classification (JSIC) [10] . We mainly use the division levels which has 20 classifications.
However, we make alterations to the classification. Since the classification "S: Government, except elsewhere classified" and "T: Industries unable to classify." are less important in our studies, we omit them. Also, we separate "I: Whole sale and retail trade." into wholesale and retail trade. The difference is not negligible in our study because fiscal policies are often aimed to the retail sector. Therefore, the division level in our study indicates 19 sectors based on the alterations. We especially use the three sectors in the group level to compare the effect of some Japanese fiscal policies. The groups are "5911: New motor vehicle stores", "5931: Electrical appliance stores, except secondhand goods", and "6821: Real estate agents and brokers." The difference between the division and group levels is clear in the later sections and there is no concern to be confused. Figure 1 shows the degree distribution of the network. The red plots are the distribution of the observed network. An important point is that the distribution is fat-tailed, which means the distribution does not decay super-linearly. It seems that we can fit plots to a line P ≈ k −λ , where P is the cumulative probability, k is the degree, and λ is a positive constant. If a degree distribution is the normal distribution, the plot shapes the blue plots in Figure 1 . Since the normal distribution exponentially decays, we can see the blue plots decrease super-linearly on the log-log plot. The blue plots correspond to a random network but how to create it will be explained in the later section.
[ Figure 1 here]
If a probability distribution (or a cumulative probability distribution) can be fitted to a line, it is said that the distribution has the power-law. A network that has a power-law distribution is often called a scale-free network. It has been pointed out that the power-law or scale-free nature of networks is a determinant of a fat-tailed aggregate fluctuations [7] . Since the observed network is exactly the scale-free network, we expect that the aggregate fluctuations of the network are fat-tailed.
Methodology
We use two methodologies. One is a model based on a production and inventory model [11] and we use its modified model [12] . The model enables us to conduct micro-level simulations and investigate the characteristics of aggregate fluctuations. On the other hand, we also employ the control theory [13, 14, 15, 16] . By using the theory, we can know which nodes are pivotal to invoke aggregate fluctuations in a network by given demands and which nodes are likely to be involved into aggregate fluctuations.
Model of production and inventory
The model of production and inventory was originally invented by Bak et al [11] . [7, 8] . That is, the cascade reaction can be understood as aggregate fluctuations. We call the cascade reaction as avalanche for brevity.
Although the model is simple and has wide applicability, the result of fat-tailed avalanche strongly depends on the regularity of supply chain network. In their work, a node has two suppliers and two clients in the regular network except the nodes in the top layer and in the bottom layer. As we have already shown that the real supply-chain network is not either a layered or regular but a scale free network, the assumption is too strong to apply the model to the real supply-chain network. To mitigate the limitation of the regular network, Iino and Iyetomi generalized the model so that a node has arbitrary numbers of in-degree or out-degree and analyzed the nature of the generalized production-inventory model. We employ their generalized model with a minor modification.
Here, we describe the model we use in the analyses. For every time step t and every firm i, a new amount of inventory is decided based on the following equation.
where z i (t) is an amount of inventory of firm i at time t, s i (t) is an amount of orders received by firm i at time t, and y i (t) is an amount of production conducted by firm i at time t. The above equation renews the inventory and is depicted in Figure 2 (a). We assume that (1) the firm equally send orders to its suppliers, (2) each firm produces one unit production from one unit material that it obtains, and (3) a firm produces minimum goods necessary to meet the requests from its consumers. The assumptions (1) and (2) simply results in the production feature where
where n i is the number of suppliers for the firm i. Also, the assumption (3) results in z i (t) ≤ n i .
Based on the inventory renewal equation and the assumptions, the amount of production y i (t) is given by
where a i (t) is the number of orders that the firm i ask each supplier. a i (t) is calculated by a ceiling
Since the quantity of the received orders s i (t) is the sum of orders to the firm i,
where j is one of clients of the firm i. If a firm does not have a client and the firm needs to produce, the firm is regarded to belong to primary industry and assumed to be able to produce arbitrary amount of production.
[ Figure 2 here]
The first orders are given from outside. Depending on the analyses, a firm is selected from all firms or a specific sector to give an order. The selection is uniformly random.
Two firms may simply mutually supply or a long step of supply chains may form a circle. Since it is possible that firms on a loop indefinitely produce goods or services and it never happens in the real economy, we need to decide how to deal with a loop. Iino and Iyetomi put an assumption where firms have randomly assigned potential values. This is an analogy of electrostatics. A firm with higher potential to the other with lower potential can supply and vice versa, which is similar to water flow. Although this assumption can avoid a loop and it is useful to analyze the nature of randomly created networks, how to assign the value to each actual firm is not very clear. Here, we put a simple assumption. A firm that has already supplied products, i.e. a firm that is already on supply chains, are ignored as suppliers. Figure 2 (b) shows an example of a loop with three firms.
Firm 3 ignores firm 1 if firm 3 needs to yield. In precise, the supply link from firm 1 to firm 3 is tentatively ignored. Note that the relationship that firm 1 does not supply products to firm 3 is not persistent. The invalidation depends on the order of entering supply chains. In the example of Figure 2 (b), for instance, if firm 3 is the starting firm of the supply chain, the supply from firm 3 to firm 2 is invalidated (if it is demanded).
Since the observed data includes (almost) all industries and we take them into consideration, one may think that it is unnatural to consider inventory for service industries, which means it is not understandable to consider inventory for intangible products such as insurance or health care.
However, the interpretation of inventory is not correct. If any service is ready to be used, that should be considered as inventory. For example, a vacant hotel room ready to use takes cost. Therefore, the difference between tangible or intangible products is not a reason to differentiate inventory.
Control theory
The control theory tells us whether a network is controllable with a given set of nodes to be directly controlled [13, 14, 15, 16] . The "controllable" means that an arbitrary state of a network can be led to any desired state. The controllability fits to intent of fiscal policies because fiscal policies give stimulus to a certain set of firms and intend to directly control firms. Besides, the policies try to indirectly control other firms that are affected by firms directly controlled.
The control theory can be formally described as follows. A link in any network indicates that there is a relationship where a node affects to the other or they mutually affect each other. Also, we can suppose that a network takes stimulus from the outside and propagate them through a said relationship. Based on the above setup, we can simply consider the following equation to depict the
where the vector x(t) = (x 1 (t), . . . , x N (t)) T is a state of N nodes at time t, the N × N matrix A is a weighted/unweighted diagram of links, the vector u(t) = (u 1 (t), . . . , u M (t)) T signifies the strength of outside controllers, and the matrix B is the N × M matrix (M ≤ N ) that indicates which drivers (nodes that take stimulus from outside) are connected to outside controllers. The system of the above equation is controllable if the following N × N M matrix
has full rank. That means rank(C) = N. Figure 3 shows an example of a simple system. There is a network with four nodes and four links. Also, there are two outside controllers. The network is controllable. The matrix A and B corresponds to the network. There are two outside controllers in the example but one outside controller is theoretically enough to control for any network.
[ Figure 3 here]
Once a set of driver nodes is given, it does not take much time to calculate the controllability as we saw. However, if we want to test all sets of drivers, the calculation time is O(2 N ). The observed data is N = 1, 109, 549 and it is obvious that we cannot test all sets without thinking. Moreover, since a set of drivers that corresponds to all nodes can obviously control a network, finding sets of a minimum number of drivers is also important. Liu et al. developed the algorithm to effectively obtain all sets of drivers that are controllable [16] .
Sets of drivers have multiple configurations, even if they have a minimum number of drivers.
We go back to Figure 3 to see the example. The nodes x 1 and x 2 are drivers in panel (a) and the network is controllable. However, it is obvious that we can choose x 1 and x 3 for drivers and those are also a minimum set of drivers. The variable configuration gives us the following distinctions for nodes.
(1) Necessary driver: a node that is always chosen as a driver in any configuration of drivers.
(2) Necessary follower: a node that is never chosen as a driver in any configuration of drivers.
Ordinary: a node that is possibly chosen as a driver.
As we mentioned earlier, the fiscal policy and the control theory are compatible. For example, it seems that it is more efficient not to choose necessary followers as targets of the fiscal policy than ordinaries or necessary drivers because we can expect indirect effect for necessary followers.
Moreover, in the later section, we will show that compare the results of the production-inventory model with the control theory.
Results
In this section, we first show the fat-tailed nature of avalanches and their diversity over industries.
After that, we show the control theory is useful to characterize industries in terms of giving effect.
Also, we compare the results between the production-inventory model and the control theory.
We start with results of avalanches comparing a random network and the observed network. The random network is created so that the network has the same number of nodes and the almost same number of links as the observed network. Every pair of nodes is connected according to constant probability p. The expected number of links of the random network with p is The experiments goes as follows for the both networks. (1)- (3) for a billion times. (t proceeds from one to a billion.) As an avalanche size, i.e. aggregated production, we obtain
for every time step t. Figure 4 shows the avalanche sizes for the two networks. The red plots are for the observed network and the blue plot are for the random network. The random network obviously decays fast and seems that it cannot be fitted to a line. On the other hand, the observed network has a part that can be fitted to a line. At the tail of the observed network, it decays super-linearly but it is natural because the network has a limited size. This result, a scale-free network has a fat-tailed avalanche size, has already been shown analytically [12] and partly proved under some constraints [17] .
[ Figure 4 here]
The results here tell us that uniformly random stimuli cause scale-free avalanche on the real network. That is, the mean of avalanche size is not a representative value of it. Since the mean and the normal distribution underlie macro economic approaches, it seems that careful analyses are required to discuss aggregate fluctuations on macro economic approaches.
Although we use the production model for its simplicity, it seems important to know how different inventory sizes affect the result. The model already seen in Section 3 yield minimum goods so as to meet the sale. However, keeping inventory minimum is difficult in the real supply-chain management and the inventory management itself has a broad academic field. Here, we simply increase the size of
production and see what happens. In the original model, a firm does not yield and spend inventory if z i (t) >= s i (t) and a firm yield minimum goods. It was shown in Equation 1. Here, k additional production model is defined by the following equations.
We compare the minimum model (0 additional production model), and the 1, 2, and 3 additional production model in Figure 5 . We can see deviations in the tail parts. The more additional production the model has, the larger deviation it has. Besides, the scale of the deviation is very large. The difference of the largest avalanche sizes between the minimum production and the three additional production model is roughly 10 2 . Also there are not large difference of distributions in the low avalanche size. The results are interesting because the linear additions of production size result in complex non-linear reactions.
[ Figure 5 here]
From the viewpoint of the fiscal policy, it is important to know whether different sectors that are given stimuli can cause avalanche diversities. We conduct the experiments with a few changes on the last experiments. A firm is randomly chosen from a specific sector. The sector is fixed through an experiment. A billion demands are given in every experiment, which is the same as the last experiments. The experiments are conducted for the 19 divisions of industrial sectors. Figure 6 shows the distributions of avalanche sizes. What we expected for the results was that the distributions of avalanche sizes have different shapes, especially at tails, between sectors. However, it is not true. As we can see, there are no apparent different in shapes. This result is discussed soon later.
[ Figure 6 here]
On the other hand, the mean sizes of avalanches have diversities. Figure 7 shows the mean sizes of avalanches. Although the size distribution is fat-tailed and the mean is not a representative of the size of avalanche, it is still helpful to know magnitude of aggregate fluctuations. The error bars in Figure 7 mean standard deviations.
[ Figure 7 here]
In Figure 7 , the order of the horizontal axis roughly shows the distance from the primary industries. If an avalanche size of an industry is related to the length to the primary industries from the said industry, a complex advanced industry such as manufacturing or service industries seems to have a large avalanche size. However, we do not see such a simple correlation between the industrial order and the magnitude of avalanche. The reason of the results can be attributed to the network structure. If a firm has a short path to a hub on supply chains, it has more opportunity to have a large avalanche. This is because a hub yield a large y i (t). Note that the results are based on Japanese firm data. Therefore, each country can have different results, especially for the industrial analyses.
Since we already saw that the avalanche size has the power law distribution in Figure 4 and 6, we know that standard deviations or variances are large. Also, if the exponent a of the power law distribution f (x) ∝ x −a is less than 3, there is no finite variance. The exponent for avalanche size distribution in Figure 4 is 2.97. Therefore, it is presumed that if the network size is larger than the current one, the distributions become larger than the results.
One may argue that a similar result of indirect influences can be obtained from the inverse matrix calculations on the input-output which means it is difficult to predict the result of stimulation.
The results of Figure 7 were based on the division level sector. We conduct further experiments that starts from the group level sectors so that we can compare the effect of actual policies. Those sectors are "5911: New motor vehicle stores" (CarSale), "5931: Electrical appliance stores, except secondhand goods" (ElectronicsSale), and "6821: Real estate agents and brokers." (HouseSale), which are the group level. They correspond to the target industries of the past Japanese fiscal policies: the eco-vehicle tax breaks, the eco-point system for housing, and the eco-point system for home electronics. The setup of experiments are the same as the last experiments.
[ Figure 8 here]
The mean avalanche size of HouseSale is apparently smaller than the two other sectors. Since the government published the actual size of budgets and some institutes published the estimated economic results, we can discuss the predictability of the model. The government lost the tax revenue corresponding to 241.0 billion Japanese yen (1.98 billion U.S. dollars. The assumed exchange rate is 122 Japanese yen to a U.S. dollar.) in 2009 for the eco-vehicle tax breaks [18] . The economic result was estimated about 2937.53 billion Japanese yen (24.08 billion U.S. dollars) [19, 20] . This estimation did not include indirect effect. The leverage is 12.18. The government spent 494.8 billion Japanese yen (4.06 billion U.S. dollars) for the eco-point system for housing in total. The economic result was estimated about 414.0 billion Japanese yen (3.39 billion U.S. dollars) [21] . The leverage is 0.84. The government spent 692.9 billion Japanese yen (5.68 billion U.S. dollars) for the eco-point system for home electronics in total. The economic result was estimated about 5 trillion Japanese yen (40.98 billion U.S. dollars) [22] . The leverage is 72.16. Although the economic result and the leverage are estimation by said citations, the eco-point system for housing is apparently small as we find in our experiments. In addition, the mean of experiments for all firms (the result of the observed network in Figure 4 ) is 5.05. The estimation for the eco-point system for housing is 4.22
and it is apparently smaller than the overall mean. The number of samples are small but it seems that the model can be a measure to predict the effect of the fiscal policy.
We saw the distributions of avalanche sizes that are stated from specific sectors in Figure 6 and the shapes of the tails are similar. This can be interpreted as a certain supply chain is always used in those large avalanches and the supply chain may lie on particular sectors. To examine the hypothesis, we obtain a different measure from the first experiments (A firm is randomly selected from all firms). The measure is how often firms in a sector get involved into avalanches. (We have examined the avalanche sizes that are started from specific sectors thus far.)
[ Figure 9 here] Surprisingly, to what extent a firm get involved into avalanches is sharply different. The sharpness is totally different from the one we saw in Figure 7 . Wholesale and Manufacturing are distinctly large or Construction can be included in the largest group. This result means firms in those industries seem to be always involved into large avalanches that start from whatever sectors.
Thus far, we have used the production-inventory model and run simulations on it. The results we get only depend on the structure of the observed network. This means there is some possibility that we can obtain an expected size of avalanches for each sector. To approach this issue, we employ the control theory.
The results of the calculations based on the control theory are given in Figure 10 and 11. Figure   10 and 11 show the number of necessary drivers and followers in each sector respectively. From Figure 11 , we can understand that the sectors with the large number correspond to the highly involved sectors of the avalanche experiments. The sectors with the large numbers in the Figure 10 mean that the sectors can only be controlled directly, i.e., they are never involved into avalanches.
Retail has the most necessary drivers. This is because they have no further clients of firms. If a firm has a client, a demand is propagated from the client, i.e., the firm can be indirectly controlled.
In the same reason, service sectors tend to have large numbers. On the other hand, it should be noted that Construction, Wholesale, and Manufacturing, which have the large numbers of the necessary followers, have large numbers. The reason seems that constitutions of drivers and followers are different. The necessary followers are firms where supply chains from various routes converge.
Therefore, they are large firms. On the other hand, the necessary drivers that do not have suppliers are small companies. In other words, those small companies are difficult to control or to be affected with the fiscal policy.
[ Figure 10 here]
[ Figure 11 here]
Since it is always difficult to affect the entire economy through the fiscal policy, it is useful to know what if we consider a partial economy. By applying the control theory to clipped networks,
we can know what will happen to the controllability. We examine two different ways to clip the observed network: the random clipping and the capital-order clipping. In the random clipping, a certain amount of nodes are randomly chosen from the observed network and links that connect the chosen nodes remain. In the capital-order clipping, a certain amount of nodes are chosen by the descending order of the capital sizes and links between them remain.
We clip the observed network with five different fractions:
. If the fraction is 2 −1 , the observed network is clipped into a half size in the sense of the number of nodes. Figure   12 shows the results. The horizontal axis indicates the fraction of clipping. We plot two measures for the random and capital-order networks. The one is c d : the ratio of total capital size of the necessary drivers to all nodes. The other is n d : the ratio of the number of the necessary drivers to all nodes. We get unique networks from the capital-clipping but the random clipping put out different samples. Therefore, we obtain 10 samples for each fraction. The bars in the figure show the standard deviations. We see that the c d and n d are stable for the capital-order clipping through different fractions. On the other hand, the random clipping causes the increase of c d and n d , which means that the clipped networks are difficult to control. If we want to partially affect firms, the capital descending order seems better than the random.
[ Figure 12 here]
The results of Figure 12 corroborate the earlier discussion of Figure 10 . It seemed that small firms tend to be the necessary drivers. Therefore, clipping the network in the descending order can avoid those small firms to be chosen.
For the scale-free networks, it is already proved that the ratio of drivers (not the ratio of necessary drivers) is only depend on the exponent of the degree distribution and the mean of the degree [16] .
The equation is
where n D is the ratio of drivers. Figure 13 shows the degree distributions of the networks. We can see clipping the network by descending capital order keeps the shapes. They are scale-free networks.
The exponents seem constants. The mean degree k for the fractions 2 0 , 2 Figure 13 . This means that the capital-order clipping (1) keeps the ratio of the necessary drivers and (2) increase the ratio of the necessary followers. This discussion shows that fiscal policies can effectively work by the capital-order clipping.
[ Figure 13 here]
Conclusion
This paper examined the size difference of avalanches among industrial sectors triggered by demand by using the production-inventory model and the observed data. Also, we investigated how each industrial sector can be affected in terms of network topology by using the control theory. We The horizontal axis shows sizes of avalanches caused by a demand. A demand is repeatedly given to a firm that is randomly chosen from all firms. The sizes of the avalanches are averaged in the industries. The vertical axis shows the cumulative probability. Although there are size zero avalanches, we ignore them because the main aim of the figure is to show the shapes of the tails and zero cannot include into log plots. The horizontal axis shows degree and the vertical axis shows cumulative probability. Each color and its number corresponds to the ratio of clipping in order of increasing capital.
